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Abstract: In this work we consider a heavy quark moving with constant proper
acceleration in the vacuum of any four dimensional conformal field theory. We argue
that the two-point function of its momentum fluctuations is exactly captured by the
Bremsstrahlung function that gives the total radiated power. For the particular case of
N = 4 SU(N) SYM this function is exactly known, so in this case we obtain an explicit
expression for the momentum diffusion coefficient, and check that various limits of
this result are reproduced by probe computations in AdS5. Finally, we evaluate this
transport coefficient for a heavy quark accelerated in the vacuum of N = 4 SU(3) SYM,
and comment on possible lessons of our results for the study of heavy quarks traversing
the super Yang-Mills plasma.a
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1. Introduction
One of the possible ways to study gauge theories is to introduce heavy external probes,
following prescribed trajectories. These external probes can transform under various
representations of the gauge group, and can also be coupled to additional fields, be-
sides the gauge potential. A common tool to implement this idea is the use of Wilson
loops, where the contour of the loop is given by the world-line of the probe. Wilson
loops are among the most interesting operators in a gauge theory, but in general com-
puting their expectation value or their correlation functions with other operators is
prohibitively difficult. On the other hand, for gauge theories with additional symme-
tries (e.g. conformal symmetry and/or supersymmetry) and for particular contours, a
variety of techniques allows to prove exact relations among various correlators involving
line operators, and sometimes also evaluate exactly these quantities [1, 2, 3, 4].
In this work we will be concerned with external probes coupled to a four dimensional
conformal field theory (CFT), following either a static or a hyperbolic trajectory in
vacuum. The probes can transform in an arbitrary representation of the gauge group,
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and when we consider probes transforming in the fundamental representation, we will
often refer to them as quarks. We will extend recent work [5, 6] that provides exact
relations among various observables related to these probes. In the particular case of
N = 4 U(N) or SU(N) SYM, these exact relations will allow us to compute explicitly
the momentum diffusion coefficient of an accelerated quark in vacuum, a transport
coefficient than until now was only known in the limit of large N and large ’t Hooft
coupling λ = g2YMN .
The first observable that appears in our discussion is the energy emitted by a
moving quark in accelerated motion, which for small velocities can be written as a
Larmor-type formula
∆E = 2piB(λ,N)
∫
dt (v˙)2 (1.1)
where B(λ,N) is a dimensionless function independent of the kinematics that was
dubbed the Bremsstrahlung function in [5].
One can also consider inserting operators on the world-line of the probe [7]. These
operators localized on the world-line are not gauge singlets; nevertheless, their corre-
lation functions evaluated on the world-line are gauge invariant. If the world-line is a
straight line, it preserves a SL(2,R)×SO(3) subgroup of the original group [8, 9]1, and
world-line operators can be classified according to representations of SL(2,R)×SO(3).
Among them, the so called displacement operators Di(t) i = 1, 2, 3 [5] will play a promi-
nent role in this work. These are operators defined for any line defect in any conformal
field theory, that couple to small deviations of the world line, orthogonal to it. They
form a SO(3) triplet and their scaling dimension ∆ = 2 is protected for all values of
the coupling, so their two-point function evaluated on a static world-line has the form
〈〈Di(t)Dj(0)〉〉 = γ˜(λ,N)δij
t4
(1.2)
where again γ˜(λ,N) is a dimensionless coefficient and the double ket denotes evaluation
on the world-line (see below for a precise definition). Physically, we will interpret
correlators of these displacement operators as giving momentum fluctuations of the
probe, an interpretation that has appeared before in the literature [10, 11] although
not in this language.
A crucial point for what follows is that the two coefficients in (1.1) and (1.2) are
exactly related by [5]
γ˜ = 12B (1.3)
1This is the common group preserved by any line defect in any CFT. For particular CFTs with
bigger symmetry groups, the preserved group might be much larger.
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for any CFT and any straight line defect operator (Wilson loop, ’t Hooft loop,. . .).
This relation is claimed to be exact, valid for any value of the coupling constant, any
gauge group and any representation of the gauge group. While it is important to
appreciate that this Bremsstrahlung function appears in various observables related
to probes coupled to CFTs, it is also important to actually compute it for different
line operators in different interacting CFTs. Currently, this has only been done for a
probe in the fundamental representation of N = 4 U(N) or SU(N) SYM, for which the
Bremsstrahlung function B(λ,N) was recently computed in [5, 6] and is given by
BU(N)(λ,N) =
λ
16pi2N
L2N−1
(− λ
4N
)
+ L2N−2
(− λ
4N
)
L1N−1
(− λ
4N
) (1.4)
where the Lαn are generalized Laguerre polynomials. It is worth emphasizing that
this formula is valid for any value of λ and N , and its derivation ultimately relies
on localization techniques. In various limits, it can be checked using the AdS/CFT
correspondence [12, 13] or Bethe ansatz techniques [14]. To obtain the result for the
SU(N) theory, we have to subtract the U(1) contribution [5]
BSU(N) = BU(N) − λ
16pi2N2
The main observation of this paper is that the coefficient γ˜ in (1.2) also controls
the two-point function of displacement operators when the probe is undergoing motion
with constant proper acceleration a = 1/R, since this hyperbolic world-line is related
to the static one by a special conformal transformation. As it is well-known, a particle
moving with constant proper acceleration in vacuum will feel an Unruh temperature
T = a/2pi [15]. The thermal bath felt by the accelerated particle will cause momen-
tum fluctuations, and these can be encoded in a particular transport coefficient, the
momentum diffusion coefficient, defined as the zero frequency limit of the two-point
function of displacement operators in momentum space,
κij ≡ lim
w→0
∫ ∞
−∞
dτe−iwτ 〈〈Di(τ)Dj(0)〉〉
where τ is the proper time of the accelerated probe. Since the hyperbolic trajectory still
preserves a SL(2,R)×SO(3) subgroup of the original group [8, 9], by isotropy there is
only a single transport coefficient as seen by the accelerated observer, κij = κδij, and
a straightforward computation yields
κ = 16pi3B(λ,N)T 3 (1.5)
This is one of the main results of this paper; it relates the momentum diffusion coeffi-
cient of an accelerated heavy probe in the vacuum of a 4d CFT with the corresponding
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Bremsstrahlung function, eq. (1.1), and Unruh temperature. We claim that this result
is exact for any 4d CFT, for any value of λ and N and for any representation of the
gauge group. In the particular case of a heavy probe in the fundamental representation
of N = 4 U(N) or SU(N) SYM, since B(λ,N) is given exactly by (1.4), the relation
(1.5) provides an explicit expression for the momentum diffusion coefficient. Further-
more, the result thus obtained can be subjected to a non-trivial check, since for N = 4
SYM , κ has been computed in the large λ, planar limit by means of the AdS/CFT
correspondence [16, 17]. Reassuringly, in the corresponding limit our result reduces to
the previoulsy known one.
Having obtained the exact two-point function of momentum fluctuations of an
accelerated heavy quark in the vacuum of N = 4 SU(N) SYM, it’s tempting to ask
whether we can use it to learn something about momentum fluctuations of a heavy
quark in the midst of a finite temperatureN = 4 SU(N) SYM plasma. This is a problem
that has been extensively scrutinized in the context of the AdS/CFT correspondence
[18, 19, 10, 20] (see [21] for reviews), as a possible model for the momentum fluctuations
of a heavy quark traversing the quark-gluon plasma. In general, while an accelerated
probe in vacuum registers a non-zero temperature, its detailed response differs from that
of a probe in a thermal bath; in particular their respective retarded Green functions
and momentum diffusion coefficients are different. Nevertheless, if we take the guess
κexactUnruh
κSUGRAUnruh
≈ κ
exact
thermal
κSUGRAthermal
for some range of values of λ as a working hypothesis, we can estimate κexactthermal in that
range of values of λ, since now the other three quantities in the relation above are
known.
The plan of the paper is as follows. In section 2 we recall the definition of dis-
placement operators, and we interpret their correlation functions as characterizing mo-
mentum fluctuations of the probe. We then go on to compute their exact two-point
function for an accelerated infinitely heavy probe coupled to a CFT, and extract from it
the momentum diffusion coefficient. In section 3, we use the AdS/CFT correspondence
to verify the relation (1.3) in the particular case of N = 4 SU(N) SYM for static heavy
probes in the fundamental and the symmetric representation. In section 4 we again
use the AdS/CFT correspondence, now to compute the momentum diffusion coefficient
of accelerated probes, in the fundamental and in the symmetric representations, and
check that the results obtained are compatible with the exact result. Finally, in section
5 we explicitly evaluate the momentum diffusion coefficient for an accelerated quark
coupled toN = 4 SU(3) SYM. We then evaluate the error introduced when one uses the
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supergravity expression instead of the exact one, and end by commenting on possible
implications for the study of heavy quarks in a thermal bath.
2. Momentum fluctuations and displacement operators
Consider a heavy probe coupled to a four dimensional conformal field theory. This probe
transforms in some representation of the gauge group, and perhaps it is also coupled to
additional fields, as it is the case for 1/2 BPS probes of N = 4 SYM [22, 23]. Since we
are considering a heavy probe, we will represent it by the corresponding Wilson line.
In this section we will first recall the definition of certain operators inserted along the
world-line, the displacement operators, and argue that their physical interpretation is
that of momentum fluctuations due to the coupling of the probe to the quantum fields.
We will then focus on the two-point function of such displacement operators for static
and accelerated world-lines.
To define the displacement operators [5], consider a given Wilson loop, parameter-
ized by t and perform an infinitesimal deformation of the contour δxµ(t), orthogonal
to the contour δ~x(t) · ~˙x(t) = 0. This deformation defines a new contour, and the dis-
placement operator Di(t) is defined as the functional derivative of the Wilson loop with
respect to this displacement [24]. In particular, the infinitesimal change can be written
as
δW = P
∫
dtδxj(t)Dj(t)W (2.1)
These operators, and in general other local operators inserted on the world-line, are not
gauge invariant. Nevertheless, their n-point functions, evaluated over the world-line are
gauge invariant, e.g.
〈〈Di(t1)Dj(t2)〉〉 = < Tr[PDi(t1)e
i
∫ t1
t2
A·dx Dj(t2)ei
∫ t2
t1
A·dx] >
< Tr[Pei
∮
A·dx] >
What is the physical interpretation of these operators? In general, when we in-
troduce an external heavy probe, its classical trajectory is fixed, giving the contour of
the corresponding Wilson line. At the quantum level, this trajectory will suffer fluctu-
ations due to its coupling to quantum fields. By definition, these small deformations
in the contour δxi(t) are coupled to the displacement operators, so we identify these
operators as forces causing momentum fluctuations. This identification is valid for
general quantum field theories (not just conformal ones), and it has appeared before
in the literature [10, 11]. For instance, if we consider a charged particle coupled to a
U(1) Maxwell field and moving with 4-velocity Uµ, the Lorentz force is qFµνU
ν and
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the displacement operators are
Dµ = qFµνUν
Since UµDµ = 0, we see explicitly that displacement operators are transverse to the
world-line. This is easily generalized to additional couplings to scalar fields.
When the gauge theory under consideration is conformal, there is more we can say
about displacement operators. Let’s start by considering the world-line corresponding
to a static probe, a straight line parameterized by t. In any conformal field theory,
any straight line defect (or for that matter, any circular defect in Euclidean signature)
preserves a SL(2,R)×SO(3) symmetry group of the original conformal group [8, 9], so
operators inserted on the world-line are classified by their SL(2,R)× SO(3) quantum
numbers. In particular, displacement operators Di(t) form a SO(3) triplet, and since
δxi and t have canonical dimension, we learn from eq. (2.1) that displacement operators
have scaling dimension ∆ = 2, and this dimension is protected against corrections. This
fixes their two-point function evaluated on a straight line to be of the form
〈〈Di(t)Dj(0)〉〉 = γ˜ δij
t4
(2.2)
Let’s now consider a heavy probe moving with constant proper acceleration a = 1/R
in one dimension. It is a textbook result that the resulting trajectory is the branch of
a hyperbola in spacetime. Furthermore, for a conformal field theory, this hyperbolic
world-line can be obtained by applying a special conformal transformation to a static
world-line (the Euclidean counterpart of this statement is that a special conformal
transformation can bring a straight line into a circle). This hyperbolic world-line also
preserves a SL(2,R) × SO(3) symmetry group of the original conformal group [8, 9].
If we write the two-point function of displacement operators in terms of proper time τ
of the heavy probe, we have
〈〈Di(τ)Dj(0)〉〉 = γ˜ δij
16R4 sinh4
(
τ
2R
) (2.3)
where the coefficient γ˜ is the same as for the two-point function evaluated on a straight
line, eq. (2.2). This is required so at very short times, when τ/2R 1, we recover the
result for the straight line, eq. (2.2).
On the other hand, the two-point functions (2.2) and (2.3) ought to reflect the very
different physics felt by a static and an accelerated probe. In particular (2.3) captures
the response of the accelerated probe to the non-zero Unruh temperature. To display
this, we will now compute the Fourier transform of (2.3) and extract the corresponding
transport coefficient. To compute the Fourier transform of (2.3), we notice that it
presents poles in the τ complex plane whenever τ = 2piinR, n ∈ Z. Using the same
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pole prescription as in [5], we follow [25] and choose the integration contour displayed
in figure (1). A straightforward computation then yields
2piRi
Im τ
Re τ
Figure 1: Integration contour for the Fourier transform of the two-point function of dis-
placement operators.
G(w)ij =
∫ ∞
−∞
dτe−iwτ 〈〈Di(τ)Dj(0)〉〉 = γ˜δij
∫ ∞
−∞
dτ
e−iwτ
16R4 sinh4
(
τ
2R
) = γ˜δij 2pi
3!
w
R2
+ w3
e2piwR − 1
This Green function displays a thermal behavior with temperature T−1 = 2piR, i.e. the
usual Unruh temperature. Note that this temperature depends only on the kinematics,
not on dynamical aspects of the theory (e.g. it is coupling independent) [26].
We can take the zero frequency limit of this two-point function to obtain the
momentum diffusion coefficients κij. In fact, since the hyperbolic trajectory preserves
a SO(3) symmetry, there is a single transport coefficient κij = κδij given by
2
κ = lim
w→0
G(w) = 16pi3B(λ,N)T 3 (2.4)
This expression gives the momentum diffusion coefficient of an accelerated heavy probe
in terms of the corresponding Bremsstrahlung function, eq. (1.1) and the Unruh tem-
perature T . It is valid for any four-dimensional CFT, and for any heavy probe. Notice
2This transport coefficient is usually obtained from the retarded Green function,
κ = lim
w→0
−2T
w
Im GR(w)
Since for a static particle in a thermal bath, G(w) = −coth w2T Im GR(w), in that case the two
expressions are equivalent.
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that if we Fourier transform the two-point function evaluated on the straight line, eq.
(2.2), we obtain that the Green function is proportional to |w|3 [11, 5] so, as expected,
the momentum diffusion coefficient defined as in (2.4) vanishes for a particle moving in
vacuum with constant speed.
In the particular case of N = 4 SYM, the AdS/CFT correspondence provides the
possibility of carrying out a non-trivial check of eq. (2.4). On the one hand, in the
planar limit and for large λ, using the asymptotic value of B →
√
λ
4pi2
, eq. (2.4) reduces
to
κ→ 4pi
√
λT 3 (2.5)
On the other hand, in this regime, one can use the AdS/CFT correspondence to com-
pute this transport coefficient in an alternative fashion. The heavy probe is dual to
a string reaching the boundary of AdS5 at the hyperbolic world-line. Analysis of the
fluctuations of this classical string solution allows to compute the relevant two-point
function [16, 17] and from it extract the momentum diffusion coefficient [16, 17] (see
also section 4), which precisely reproduces the result above, eq. (2.5). The dependence
on T was bound to agree, since is dictated by dimensional analysis, and the
√
λ depen-
dence is ubiquitous in AdS/CFT probe computations using fundamental strings (see
e.g. [6] for a discussion of this point), but the agreement on the numerical coefficient
4pi in (2.5) is a non-trivial check.
3. Static probes in AdS/CFT
In this section we intend to verify the relation (1.3) for the particular case of N = 4
SYM by means of the AdS/CFT correspondence. To do so, we will compute separately
γ˜ and B, and check that they are indeed related by γ˜ = 12B. This relation ought
to hold for a probe transforming in any representation of the gauge group, and we
will perform this check for a heavy probe in the fundamental and in the k-symmetric
representations. On the gravity side this corresponds to considering respectively a
string and a D3-brane embedded in AdS5 and reaching the boundary at a straight line.
Performing the check for the k-symmetric representation has an interesting plus: while
in principle the computation with the D3-brane can’t be trusted in the limit when we
set k = 1 (i.e. we go back to the fundamental representation), by now there are a
number of examples [27, 28, 13, 6] where it is known that this procedure nevertheless
correctly captures corrections in the large λ, large N limit with fixed
√
λ/N . Given that
we already know the exact expression of B(λ,N) for this probe, eq. (1.4), we will be
able to verify that this offers yet another example where a D3-brane probe computation
correctly captures all order corrections to the leading large λ large N result.
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3.1 Fluctuations of a static string in AdS5
The fluctuations of a static string in AdS5 have been computed in many previous
works [29, 30, 31], so we will be brief. We will work with the Nambu-Goto action in the
static gauge, and will be concerned only with the bosonic fluctuations of the transverse
coordinates in AdS5, which we identify as dual to the world-line displacement operators.
Start by writing AdS5 in Poincare´ coordinates
ds2AdS5 =
L2
y2
(
dy2 − dt2 + d~x2) (3.1)
The relevant classical solution to the NG action is given by identifying the world-sheet
coordinates with (t, y). The induced world-sheet metric is AdS2 with radius L. We now
turn to the quadratic fluctuations around this solution, and focus on the fluctuations
of the transverse coordinates in AdS5, x
i, i = 1, 2, 3. To make manifest the geometric
content of these fluctuations, it is better to switch to φi = L
y
xi. The Lagrangian density
for quadratic fluctuations is then
L = −1
2piα′
(
−1
2
∂t~φ ∂t~φ+
1
2
∂y~φ ∂y~φ+
1
y2
(~φ)2
)
(3.2)
so the equation of motion for the fluctuations is
−∂2t φi + ∂2yφi −
2
y2
φi = 0
from where we learn that the three transverse fluctuations in AdS5 are massive m
2 =
2/L2 scalars in the AdS2 world-sheet [30, 31]. Furthermore, it can also be seen that
the five fluctuations of S5 coordinates are massless [30, 31]. The bosonic symmetries
preserved by the classical string solution are SL(2,R) × SO(3) × SO(5), which is the
bosonic part of the supergroup OSp(4∗|4) [32]. Therefore, fluctuations should fall into
representations of this supergroup, and indeed it is shown in [33] that together with
the fermionic excitations they form an ultra-short multiplet.
These bosonic fluctuations are massive and massless scalars in the AdS2 world-
sheet, and according to the AdS/dCFT correspondence, “holography acts twice” [34]
and they source dual operators in the boundary of AdS2, which is just the heavy quark
world-line. The conformal dimensions ∆ of these operators are determined by the usual
relation
2∆ = d+
√
d2 + 4(mL)2
In our case d = 1, so the three fluctuations φi in AdS2 with m
2 = 2/L2 are dual to
a SO(3) triplet of operators with ∆ = 2: these are the displacement operators Di(t).
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Furthermore, the operators dual to the five massless S5 fluctuations have ∆ = 1 and
are in the same supermultiplet as the displacement operators [5]. We will not consider
this second set of operators in the rest of the paper.
Our next objective is to compute the two-point function of displacement operators
(1.2) in the regime of validity of SUGRA, i.e. the leading large
√
λ large N behavior
of γ˜(λ,N). This was essentially done in [11], with the minor difference that there
the fluctuating fields were xi rather than φi. After introducing the Fourier transform
xiF (w, y), the author of [11] solved the corresponding equation and imposing purely
outgoing boundary conditions, obtained the following Green function [11]
G(w) =
L2
2piα′
|w|3 ⇒ G(t) = 3
√
λ
pi2
1
t4
from where we finally deduce
γ˜ =
3
√
λ
pi2
(3.3)
To complete the check, we need the coefficient of energy loss by radiation, defined in
eq. (1.1). The computation of B for a heavy probe in this regime was first carried out
by Mikhailov in a beautiful paper [12], obtaining B =
√
λ
4pi2
. Putting together these two
results, we have verified γ˜ = 12B to this order.
3.2 Fluctuations of a static D3-brane in AdS5
We will now check relation (1.3) for a heavy probe in the k-symmetric representation.
To do so, we will consider a D3-brane dual to a static probe in AdS5, with k units
of electric flux that encode the representation of the heavy probe. The relevant static
D3-brane solution was found in [22, 27], but for our purposes it will be convenient to
present it in the coordinates introduced in [35, 33]. First, write AdS5 in the following
coordinates
ds2AdS5 = L
2
(
du2 + cosh2 u
1
r2
(−dt2 + dr2)+ sinh2 u (dθ2 + sin2 θdφ2))
The D3-brane world-volume coordinates are (t, r, θ, φ). The classical solution includes
some non-trivial world-volume electric field
sinhu = ν Ftr =
√
λ
2pi
√
1 + ν2
r2
with3
ν =
k
√
λ
4N
(3.4)
3This combination was originally dubbed κ in [27] and subsequent works. To avoid any possible
confusion with the momentum diffusion coefficient, in this work we change its name to ν.
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The induced metric is of the form AdS2×S2, with radii L
√
1 + ν2 and Lν respectively.
Consider now fluctuations of u, the S5 coordinates and the Born-Infeld abelian gauge
field Aµ. The main advantage of the coordinates used here is that as shown in detail in
[33] these sets of fluctuations decouple in these coordinates, so we can focus exclusively
on fluctuations of u. Due to the presence of world-volume fluxes, the Lagrangian density
for the fluctuating fields is not controlled by the induced world-volume metric, but by
the AdS2 × S2 metric with both radii Lν
ds2AdS2×S2 = Gabdξadξb =
L2ν2
r2
(−dt2 + dr2)+ L2ν2 (dθ2 + sin2 θdφ2)
In particular, the Lagrangian density for fluctuations of u is
L = −TD3
√
1 + ν2
ν
√
−|G|
(
1
2
L2Gab∂au∂bu
)
Given that the D3-brane world-volume is of the form AdS2 × S2, the next step is to
perform a KK reduction of these fields on the world-volume S2 to end up with fields
living purely on AdS2. This produces an infinite tower of modes, but the only ones
relevant for us are the l = 1 triplet, since those are the ones sourcing the displacement
operators. This KK reduction is discussed in detail in [33] (see their appendix C), and
for the l = 1 triplet of modes we are interested in, the resulting fluctuation Lagrangian
is k
√
1 + ν2 times the one computed with the string. Since the computation of the two-
point function of displacement operators involves the kinetic term of the fluctuations,
the upshot is that the γ˜ computed in this regime is k
√
1 + ν2 times the one computed
with the string in the previous subsection, eq. (3.3), so
γ˜(λ,N) =
3k
√
λ
pi2
√
1 +
k2λ
16N2
To finish the check, we again need the coefficient B in (1.1) for this case. In [13] the
total radiated power of a heavy probe in the k-symmetric representation was computed
using the AdS/CFT correspondence by means of a D3-brane, and the result found was
B(λ,N) =
k
√
λ
4pi2
√
1 +
k2λ
16N2
Comparing these two results, this proves the γ˜ = 12B relation for a static probe in
k-symmetric representation, in the regime of validity of the D3-brane probe approxi-
mation. Furthermore, if we set k = 1 in the previous result we can check [28, 6] that
the exact expression for B(λ,N) reduces to the one above in the appropriate limit.
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4. Accelerated probes in AdS/CFT
In this section we will consider accelerated heavy probes coupled to N = 4 SYM, in
the context of the AdS/CFT correspondence. As in the previous section, the probes
considered transform in the fundamental and the symmetric representations, so their
gravity dual is given respectively by a string and a D3-brane, reaching the boundary
at a hyperbola. We will compute the momentum diffusion coefficient in both cases,
verifying that they reproduce in appropriate limits our exact result (2.4).
4.1 Fluctuations of the hyperbolic string in AdS5
The dual of a heavy probe moving with constant proper acceleration is a string reaching
the boundary of AdS5 at a hyperbola, or at a circle in Euclidean signature. This type
of world-sheet was first considered in [36], see also [37]4. The spectrum of fluctuations
of this world-sheet was discussed in [31], and it is the same as for the straight line. This
world-sheet and its fluctuations were used in [16, 17] to derive the momentum diffusion
coefficient of this probe in the supergravity approximation. To do so, [16, 17] made a
series of change of coordinates to the gravity background, to work in a frame where the
probe is static. We will now show that it is possible to obtain that transport coefficient
working with Rindler coordinates. We start by writing the AdS5 metric in Poincare´
patch with Rindler coordinates
ds2AdS5 =
L2
y2
(
dy2 + dr2 − r2dψ2 + dx22 + dx23
)
We identify the world-sheet coordinates with (ψ, y). The classical solution is then given
by r =
√
R2 − y2 [36]. We consider now fluctuations in the transverse directions x2, x3.
The Lagrangian density for transverse fluctuations is
Lfluc = 1
2piα′
L2R
y2
(
−1
2
1
R2 − y2 (∂ψx)
2 +
1
2
R2 − y2
R2
(∂yx)
2
)
As a check, near the boundary (y → 0), defining τ = Rψ we recover the fluctuation
Lagrangian (3.2), except for a global factor of R, since here we are integrating with re-
spect to ψ = τ/R. Defining z = y/R, the equation of motion for transverse fluctuations
is
−∂2ψx+ (1− z2)2∂2zx− 2
1− z2
z
∂zx = 0
4Some subtleties associated to this world-sheet solution and its usual interpretation have been
recently pointed out in [38], but since they concern the part of the world-sheet below the world-sheet
horizon, they don’t affect our discussion.
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We separate variables x(z, ψ) = e−iwψx(z) (and keeping in mind that this w is dimen-
sionless, wτ = w/R), the solutions are
x(z) = C1(1− iwz)eiw arctanh z + C2(1 + iwz)e−iw arctanh z
To compute the retarded Green function, we take the purely outgoing solution (C2 = 0)
and following [11] obtain
GR(w) =
−iw
2piα′
L2
R2
+O(w3)
where as in the static case [11] we dropped a 1/y term. This retarded Green function
coincides with the one computed by Xiao [16], and from it one arrives at
κ = 4pi
√
λT 3
4.2 Fluctuations of a hyperbolic D3-brane in AdS5
We can also compute the momentum diffusion coefficient for an accelerated probe in
the symmetric representation. The relevant D3-brane reaches the boundary at a circle
in Euclidean signature, and was first discussed in [27]. As in the previous section, it is
convenient to present it in the coordinates introduced in [35, 33], so we start by writing
AdS5 as
ds2 = L2
(
du2 + cosh2 u
(
dζ2 − sinh2 ζdψ2)+ sinh2 u dΩ22)
The D3-brane has world-volume coordinates (ζ, ψ, θ, φ) and the classical solution is
sinhu = ν Fζψ =
√
λ
2pi
√
1 + ν2 sinh ζ
with ν defined in eq. (3.4). Consider now fluctuations for the world-volume fields u, the
S5 fields and the BI gauge field. As it was discussed in detail in [33] these fluctuations
decouple, so we can focus on the fluctuations of u. To present the relevant fluctuation
Lagrangian, define the metric
Gabdξadξb = L2ν2(dζ2 − sinh2 ζdψ2) + L2ν2dΩ22
This is the metric that controls the fluctuations of u (and the gauge field)
Lfluc = TD3L4
√
1 + ν2ν3 sinh ζ sin θ
(
1
2
L2Gab∂au∂bu
)
As in the previous section, we now have to KK reduce this world-volume field u on S2,
to obtain an infinite tower of 2d fields on the world-volume AdS2. Again, the relevant
modes are the l = 1 triplet, and as it happened for the static probe, the resulting
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fluctuation Lagrangian is k
√
1 + ν2 the one we would obtain for the fluctuations of a
fundamental string in these coordinates. We then conclude that the resulting momen-
tum diffusion coefficient is again k
√
1 + ν2 times the one obtained for the fundamental
string, so
κ = 4pik
√
λ
√
1 +
k2λ
16N2
T 3
5. Lessons for the N = 4 super Yang-Mills plasma?
In section 2 we have found the exact two-point function of momentum fluctuations
in vacuum of an accelerated heavy quark coupled to a conformal field theory. As
expected, this two-point function presents thermal behavior, and the question arises
whether we can use our results to learn something about momentum fluctuations of
a heavy probe immersed in a thermal bath of the same conformal theory, now at
finite temperature. Besides its intrinsic interest, this question has broader relavance
since it is expected that at finite temperature, conformal theories (even superconformal
ones) share some properties with the high-temperature deconfined phase of confining
gauge theories. More specifically, a particular CFT, N = 4 SYM at T 6= 0, has
been used by means of the AdS/CFT correspondence to model the quark-gluon plasma
experimentally observed at RHIC and at the LHC (see [21] for reviews). In particular,
the momentum fluctuations of a heavy quark (either static or moving at constant
velocity) in the quark-gluon plasma have been estimated by considering a dual trailing
string in the background of a black Schwarzschild brane in an asympotically AdS5
background [18, 10, 19, 20].
The study of a heavy quark in a strongly coupled conformal plasma by means
of the AdS/CFT correspondence is currently limited to the large λ, large N regime
where supergravity is reliable (see [39] for computation of the 1/
√
λ correction and
some λ−3/2 corrections to the jet quenching parameter in the N = 4 SYM plasma)
and it currently seems extremely hard to perform such computations at finite λ and
N . For this reason, it would be very interesting if the study of an accelerated quark
in the vacuum of a conformal field theory, which as we have seen can be tackled at
finite λ and N , can become an indirect route to the study of conformal T 6= 0 plasma.
However, while a probe accelerated in vacuum and a static probe in a thermal bath
experience a non-zero temperature, the details of their response are not identical ( see
the review [40] for a discussion on this point). We can see this explicitly for the N = 4
SYM plasma, by comparing known expressions of the momentum diffusion coefficients
in various regimes. Let’s consider first the regime of weak coupling; the momentum
diffusion coefficient of a heavy quark in a weakly coupled N = 4 SU(N) SYM plasma
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has been computed at leading and next-to-leading orders [41]
κthermal =
λ2T 3
6pi
N2 − 1
N2
(
log
1√
λ
+ c1 + c2
√
λ+O(λ)
)
with c1,2 known coefficients (see the second reference in [41]). This expression differs
qualitatively from the weak coupling expansion of our result for the momentum diffusion
coefficient for an accelerated quark
κUnruh = piλT
3N
2 − 1
N2
(
1− λ
24
+O(λ2)
)
Notice that κthermal starts at λ
2 (versus the leading λ in κUnruh) and furthermore
presents a term logarithmic in λ, absent in κUnruh. These two features come from the
non-trivial coupling dependence of the Debye mass in the thermal bath [42].
Let’s move now to the regime where supergravity is reliable, i.e. large λ and
large N . As recalled in section 4, an accelerated probe in vacuum is dual to a string
reaching the boundary of pure AdS5 at a hyperbola, while a heavy probe in a thermal
bath is represented by a string in the Schwarzschild- Anti de Sitter background, and the
respective retarded Green functions are quantitatively different (see [43] for a discussion
on this point). In particular, the momentum diffusion coefficient yields [18, 10]
κSUGRAthermal = pi
√
λT 3
which is four times smaller than the supergravity result for the similar transport coef-
ficient for a probe accelerated in vacuum, eq. (2.5),
κSUGRAUnruh = 4pi
√
λT 3
This difference might be surprising at first, since it can be argued that transport coeffi-
cients can be read from the world-sheet horizon [44], and the two classical world-sheet
metrics (i.e. accelerated string in AdS5 versus hanging/trailing string in Schwarzschild-
AdS5) while clearly different, have the same near-horizon metric, 1+1 Rindler space.
However, the different change of variables used to write these near-horizon metrics
imply different normalizations of the corresponding wavefunctions, giving rise to this
factor of four discrepancy between the respective transport coefficients.
Keeping this difference in mind, we nevertheless propose to use our exact results
to make an educated guess of the impact of using SUGRA instead of the exact result
for computing the momentum diffusion coefficient of a static heavy quark, κthermal, in
N = 4 SYM at finite temperature. To that end, we start by evaluating the difference
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between the SUGRA (large λ, large N) and the exact (finite λ, N=3) computations of
the coefficient for the accelerated probe in vacuum.
The first ingredient we need in our computation is the Bremsstrahlung function
(1.1) for a heavy quark coupled to N = 4 SU(3) SYM. For U(N) the Bremsstrahlung
function is given in (1.4), and since the SU(N) function is obtained by subtracting the
U(1) contribution [5]
BSU(N) = BU(N) − λ
16pi2N2
we obtain
BSU(3) =
1
4pi2
λ
18
λ2 + 144λ+ 3456
λ2 + 72λ+ 864
and using the relation derived in this paper, eq. (2.4), we arrive at the following
expression for the SU(3) momentum diffusion coefficient, valid for any value of λ,
κSU(3) = 4pi
λ
18
λ2 + 144λ+ 3456
λ2 + 72λ+ 864
T 3 (5.1)
Notice that both for small λ and large λ the coefficient grows linearly with λ. This is
true for generic fixed N
κλ1SU(N) =
N2 − 1
N2
piλT 3 κλ1SU(N) =
N − 1
N2
piλT 3
We now consider the quotient of the exact expression for this transport coefficient, eq.
(5.1), versus the result obtained in the supergravity limit, eq. (2.5),
Unruh
κEXACT
κSUGRA
=
√
λ
18
λ2 + 144λ+ 3456
λ2 + 72λ+ 864
(5.2)
A first observation is that this ratio is a monotonously increasing function of λ that
doesn’t go to one as λ → ∞. The reason is that the denominator, obtained in the
planar limit (N →∞), grows like √λ, while the numerator, obtained for N = 3, grows
like λ. This ratio is smaller than one for small λ and becomes larger than one for
λ & 182.45. As we discuss below, when modelling the quark-gluon plasma by N=4
SYM the range of values considered for λ is substantially below this point, so another
observation is that in that range of values, the supergravity computation gives a value
κSUGRA which is larger than κEXACT . To be more quantitative, we will zoom in the
range of values of λ that have been considered when modelling the QCD quark-gluon
plasma by N = 4 SYM. Given the differences among these two theories, there are
inherent ambiguities in choosing the parameters of N = 4 SYM that might best model
the real world QCD plasma. A first choice [45] is to take
“obvious” scheme: TN=4 = TQCD g2YMN = 12piαs = 6pi
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where in the last equation the value αs = 0.5 was taken. A second choice made in the
literature [46, 11] tries to ameliorate the impact of the obvious difference that N = 4
SU(3) SYM has more degrees of freedom than QCD. The main idea is to compare the
theories at fixed value of the energy density, rather than temperature. This results in
the following identification
“alternative” scheme: 31/4TN=4 = TQCD g2YMN = 5.5
where the value λ = 5.5 is the central value derived from this analysis. This scheme
has its own limitations, and the only lesson we want to take from it is that the range
of values λ ∈ [5.5, 6pi] has been considered when modelling the quark-gluon plasma by
the N = 4 SYM plasma. Having fixed the range of values for λ we will be zooming
in, we can now determine the impact of using supergravity to compute the momentum
diffusion coefficient instead of using the exact result: in this range, the ratio (5.2)
increases from 0.43 to 0.61, see figure (2). Roughly speaking, in this range of values for
the ’t Hooft coupling, supergravity gives an answer for this transport coefficient about
twice the exact result.
6 8 10 12 14 16 18 20 Λ
0.1
0.2
0.3
0.4
0.5
0.6
Unruh
Κ
exact
Κ
Sugra
Figure 2: The relation between the exact momentum diffusion coeffient and the supergravity
approximation for an accelerated quark in vacuum. The range of λ displayed corresponds to
the one considered when modelling the quark-gluon plasma.
Up until here, we were on firm ground, comparing the result of two computations
for the momentum diffusion coefficient of an accelerated quark in the vacuum of N = 4
SYM. Having used the word “exact” or variations exactly thirty-three times so far in
this paper, we will end it by indulging in far less precise statements. We have seen
that the perturbative expressions (fixed N , g2YM  1) for the momentum diffusion
coefficients in a thermal bath and in the Unruh effect differ qualitatively, while the
corresponding expressions in the supergravity regime (large λ, large N), share the
– 17 –
same parametric behavior, but not the overall numerical coefficient. It is then clear
that we are not in a position to estimate κthermal for N = 4 SYM for abitrary λ,N . A
more modest goal is to estimate it in the range of values singled out above, that appear
when modelling the QCD quark-gluon plasma. If we consider a path in the (λ,N) plane
from the range of values considered above to the region of validity of supergravity (i.e.
now we don’t keep N fixed) the ratio κUnruh/κ
SUGRA
Unruh will uneventfully evolve from the
value found above, about 1/2, to 1. In order to proceed, we are going to assume that
roughly the same is true for κthermal so along that path
κexactUnruh
κSUGRAUnruh
≈ κ
exact
thermal
κSUGRAthermal
If this assumption is true, it means that the supergravity computations [10, 18, 19] for
κthermal give an answer κ
SUGRA
thermal that is about twice the exact one. While we currently
lack solid arguments to substantiate this speculation, let’s end by noting that if true,
it would in turn imply that the diffusion constant D = 2T 2/κ for the N = 4 SYM
plasma would be about twice the one obtained in supergravity, pushing it in the right
direction to match the range of values suggested by RHIC [47].
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